Traditional methods for the computation of the Greeks with Monte Carlo simulations converge very slowly for strongly discontinuous payo¤ options. As a solution, Fournie et al. (1999) and Benhamou (2000a) suggested to use Malliavin weighted scheme especially for options depending on a …nite set of dates. This paper extends their works to continuous time Asian options. We illustrate results for the case of the Black di¤usion.
Introduction
When handling sophisticated models with non standard and discontinuous payo¤ options, classical methods like lattice methods and numerical methods for partial di¤erential equation solving like …nite di¤erences and …nite elements, could be ine¢cient. The Monte-Carlo and Quasi-Monte-Carlo methods, often seen as last resort methods can overcome this technical di¢culty. However, in the case of a strongly discontinuous payo¤ function, a well known fact is their poor convergence to the exact solution, when computing the Greeks (price sensitivity to parameters like delta, gamma, rho and vega).
Traditionally, to fasten convergence, one relies on di¤erent more or less successful variance reduction techniques among which the most famous ones are antithetic variates, control variates, importance sampling, strati…ed sampling, Latin hypercube sampling and moment matching techniques. One uses as well deterministic methods based on low discrepancy sequences like Halton, Sobol, Faure sequences (see Glasserman and Yao (1992) , Glynn (1989) , and L'Ecuyer and Perron (1994) ). Their straightforward use provide nonetheless little improvement when handling the Greeks with strong non-linear payo¤ functions.
The reason of this ine¢ciency lies in the way the Greeks are commonly computed. One estimates the Greeks by simply taking the …nite di¤erence of two particular simulation results. Denoting by P (x) the option price for an underlying level of x; the di¤erent schemes can be classi…ed into forward di¤erence (P (x + ") ¡ P (x)) =", central di¤erence (P (x + ") ¡ P (x ¡ ")) =2", or backward di¤erence scheme (P (x) ¡ P (x ¡ ")) =". Despite a quasi antithetic technique implied by the substraction of terms P (x + ") ; P (x), and P (x ¡ "), this method embodies two di¤erent errors:
² discretization of the derivative function by a …nite di¤erence.
² imperfect estimation of the option prices P (x + ") ; P (x), and P (x ¡ ").
For discontinuous payo¤ functions, the main error is the …rst one. Recently, Fournie et al. (1999) and Benhamou (2000a) have suggested a new methodology based on Malliavin calculus. The intuitive idea is to eliminate the need of taking the derivative of the payo¤ function, which is numerically approximated by a …nite di¤erence. They showed that we can transform the initial formula as an expectation of the discounted payo¤ function e ¡ R T 0 rsds f (X T ) multiplied by a suitable weighting function referred in the literature as the Malliavin weights, denoted hereby weight: Fournie et al. (1999) have given particular solutions for the weighting function in the case of options depending on a …nite set of dates as well as an expression of the delta in the particular case of a continuous time Asian options. Benhamou (2000a) has extended their results for options depending on a …nite set of dates. He has generalized the theory introduced by Fournie et al., introducing necessary and su¢cient conditions for a function to serve as weighting function by means of its generator. The contribution of this paper is to extend previous results to continuous time Asian options. We give necessary and su¢cient conditions for a function to serve as weighting function by means of its generator. We give explicit solutions for the case of the Black di¤usion.
The remainder of this paper is organized as follows. In section 2, we laconically describe the mathematical framework of the article. In section 3, we investigate the case of Asian options. In section 4, we give explicit formula for the case of the Black di¤usion. Section 5 shows by means of numerical results the e¢ciency of this method. We brie ‡y conclude in section 6 giving possible extensions.
Notations and mathematical framework
For clarity, we assume a one dimensional di¤usion of the underlying price process. Results can be easily extended to the multi-dimensional case. We consider a continuous time trading economy with a limited horizon t 2 [0; T ]. Following Harrison and Kreps (1979) , Harrison and Pliska(1981) , the price of a contingent claim is calculated as the expected value of the discounted payo¤ value in the risk neutral probability measure Q. The uncertainty is characterized by a complete probability space (; F; Q) where is the state space, F is the ¾-algebra representing the measurable events. Information evolves according to the augmented right continuous complete …ltration fF t ; t 2 [0; T ]g generated by a standard one dimensional Brownian Motion fW t ; t 2 [0; T ]g. The underlying price process is de…ned as the Ito process (X t ) t2[0;T ] solution of the following stochastic di¤erential equation:
with the initial condition
x 2 R is the initial value of our underlying. b : R + £ R ! R represents the determinist drift and ¾ : R + £R ! R the volatility structure of the process (X t ) t2[0;T ] . We also assume that the deterministic drift and the volatility structure verify Lipschitz conditions and uniform ellipticity of ¾.
We de…ne the …rst variation process (Y t ) t2[0;T ] as the derivative of X t with respect to the initial condition Y t = @ @x X t : As well explained in Nualart (Nualart D. 1995) , Malliavin calculus theory proves us that the Malliavin derivative can be expressed as a function of the …rst variation process and the volatility structure ¾ (t; X t ) :
Asian options
Since there is no closed formula for arithmetic Asian options as opposed to geometric one, Asian options, sometimes called average options, are a predilection …eld for numerical solutions such as lattice methods, partial di¤erential equations solving, convolution, Monte-Carlo and Quasi -Monte-Carlo methods (for an extensive survey on Asian options, see Vorst (1996) ). However, these numerical methods have often low convergence for the Greeks. This is precisely this ine¢-ciency that suggested us to extend the work of Fournie et al. and Benhamou to the case of the continuous time Asian option. Traditionally, the average in the Asian options can be computed as a discrete or continuous time one. In the case of a discrete Asian options, we can apply the analysis done by Benhamou (2000a) for a fast computation of the Greeks. In the case of continuous time arithmetic Asian options, Fournie et al. (1999) gave a speci…c example of the weighting function generator for the delta. We provide here formulae for more general conditions and for any type of weighting functions, specifying only the necessary and su¢cient conditions for a function to serve as a weighting function in derived formulae. We introduce the weighting function generator. We give a detailed version in the case of the delta, generalizing to the case of the other Greeks. In the rest of this section, we distinguish as well two type of Asian options:
² the simple Asian option is an option function of the continuous time average only. Classically, when it is a call, it is called the …xed strike option.
² the complex Asian option is depending on both the underlying and the continuous time average. Classically, for a call, it is the ‡oating strike option.
Simple Asian option
The simple continuous time Asian option is an option only depending on the continuous time average
Thus its price can be written as the expected value of the discounted payo¤:
Like in the case of an options depending on a …nite set of dates, we can show that the Greeks can be written as the expected value of the discounted payo¤ f ³ R T 0 X t dt´times a suitable weighting function weight:
e impose as well a non exploding condition (L 2 squarable) on the weighting function (5):
Writing the weighting function weight as the Skorohod integral ± (w) of a stochastic function w : R + ! R s ! w s , we de…ne the Skorohod integrand "the weighting function generator". Interestingly, this generator can be characterized by necessary and su¢cient conditions as stated in theorem 1.
Theorem 1 Malliavin formula for the Greeks
There exit necessary and su¢cient conditions for a function w to serve as a weighting function generator for the simulation of the Greeks. The …rst condition is the Skorohod integrability of this function (5). The second condition, di¤er-ent for each Greeks and summarized in table 1 depends only on the underlying di¤usion characteristics but not on the payo¤ function.
Proof: we give in the appendix section the proof for the delta section 7.1.1 page 15. Proofs for the other Greeks are similar and are available upon request.¤ Greeks Necessary and Su¢cient conditions on the Malliavin Weights
Yt¾(s;Xs) Ys
Yt e b(s;Xs) Ys
Yte ¾(s;Xs) Ys 
Particular solutions
To get particular solution, we only need to …nd solutions that satisfy the conditions given in table 1. One can show the following results by checking that these solutions satisfy the necessary and su¢cient conditions of table 1:
² Delta: one solution for the weighting function generator is the one given by Fournie and al. (1999) :
Another solution one is:
Depending on the nature of the …rst variation process as well as the structure of volatility, it would be preferable to use either the …rst or the second solution.
² Rho: a solution for the weighting function generator of the rho is given by
² Vega: a solution for the weighting function generator is given by
Complex Asian option
The complex Asian option is an option depending both on the continuous time average
X t dt and the underlying price at maturity X T . Its price can be written as the expected value of its discounted pay-o¤:
e can extend previous results of theorem 1. We restrict ourself to the case of the delta but it can be applied to the other Greeks with minor changes.
Proposition 1 Malliavin formula for the delta In the case of the complex Asian option, in addition to the non-exploding condition, the weighting function generator for the delta should verify the condition
given in the appendix section 7.1.2 page 16.¤
We can …nd particular solutions. We denote two di¤erent discriminants as ¢ and e ¢ ¢ =
Proposition 2 Particular solution When the discriminant ¢ is not equal to zero, one particular solution for the weighting function generator is given by:
with the coe¢cient A and B verifying:
There is no other solution for the coe¢cients A and B.
Corollary 1 When the discriminant e ¢ is not equal to zero, one particular solution for the weighting function generator is given by:
with the coe¢cient ® and¯verifying:
Proof: given in the appendix section 7.1.3 page 17.¤
The two solutions di¤er from their basis since in one case it is Y s =¾ (s; X s ) and in the other case it is rather sY s =¾ (s; X s ).
Formula for a Black di¤usion
In the case of the Black di¤usion, formulae can be explicit. In this framework, the drift term b (t; X t ) is equal to r t X t which is the growth at the risk free rate whereas the stochastic term ¾(t; X t ) is equal to ¾ t X t , with ¾ t a deterministic timedependent volatility. This leads to the following expression for the underlying process X t = xe (r¡ 1 2 R t 0 ¾ 2 s ds)t+ R t 0 ¾sdWs and for the …rst variatio process to Y t = X t =x
Simple Asian option
With these more restrictive assumptions, we can derive results for the simple continuous Asian option. The complex one leads to the same type of calculations, with lengthier formulae. Since it is second order Greeks, the calculation of the gamma requires two integration by parts and is consequently not as straightforward as …rst order Greeks. However, it can be shown that there is a proportionality between the vega and the gamma (see Benhamou (2000b) ). The Gamma is subsequently obtained as the vega times this proportional factor.
Delta
Proposition 3 The particular solution for the weighting function generator w
X t dt leads to the following weighting function
Proof: the weighting function is de…ned as the Skorohod integral of the weighting function generator
Using the property of the Skorohod operator that gives the Skorohod integral of a product: if F is a smooth random variable (Nualart notation (1995) ) and u is an element of L 2 ( £ [0; T ]), then the Skorohod integral can be expressed by means of the Malliavin derivative:
This leads in our case to
Using the fact that the Malliavin derivative follows regular derivation rules:
where in the last equation, we have used the fact that
The other solution for the weighting function generator
tY t dt leads to the following weighting function
following the same procedure as in the proof of the proposition (15), we calculate the weighting function as the Skorohod integral of the weighting function generator:
Rho
Interestingly, the solution given for the Asian option weighting function generator is the same as the one for an option depending on a …nite set of dates as in Benhamou (2000a) . Therefore, the same results can be applied leading to the two following propositions:
Proposition 5 The extended rho as de…ned in Benhamou (2000a) can be expressed as
roof: we obtain the result by taking the particular solution of the weighting function generator (8) and by using the fact that the weighting function is de…ned as the Skorohod integral of the weighting function generator.¤ Proposition 6 The classical rho is given by:
Vega
Using the particular solution for the weighting function generator (9) and taking a perturbation de…ned as e ¾ (t; X t ) = e ¾ t X t , we get the following proposition.
Proposition 7
The extended vega can be expressed as
Proof: in the case of the Black di¤usion, the weighting function generator is de…ned as
leading to the following weighting function:
Corollary 2 In the case of the Black Scholes model, this leads to the following results
the traditional vega is then obtained for e ¾ = 1.
Proof: the Black Scholes assumptions are ¾ s = Cte = ¾. The perturbation is de…ned as e ¾ s = Cte = e ¾. This leads to the following weighting function
Then using the fact that
leads to the …nal result. The traditional vega is the extended vega divided by the perturbed volatility e ¾:¤
Gamma
The Gamma can be calculated as the vega divided by x 2 ¾T for the Black Scholes model and by x 2 R T 0 ¾ s dt in the Black model (see Benhamou(2000b) ).
Complex Asian
Specifying the terms in the solution of (11), the weigthing function for the delta of the complex Asian option is in this simple case given by:
Numerical method
In this section, we examine the particular case of an Asian option with the following characteristics. It is a one year continuous time Asian option with risk free interest rate r = 3%; a null dividend rate, an initial underlying S 0 of 100, three strikes K 1 , K 2 of 100 and 110 respectively and a volatility ¾ of 20%. We consider two di¤erent options:
² a corridor Asian option whose payo¤ is 1 f
² an up and out Asian call 1 f
Simulation of the Gamma
We examine the Malliavin simulation on the gamma, since it is precisely in this particular case that the Malliavin weighted scheme should dramatically outperform …nite di¤erence. These results con…rm the e¢ciency of the Malliavin weighted scheme compared with the standard …nite di¤erence. The …gure 1 compares the two methods: Malliavin weighted scheme (black line) and the …nite di¤erence method (grey line). The Malliavin weighted scheme converges to the right answer fast with almost no oscillations, whereas the …nite di¤erence estimator ‡uctuates with a pseudo periodicity around the correct value. This advantage of the Malliavin weighted scheme is even more striking in the case of the second option as shown by …gure 2. The Malliavin weighted scheme is the black line and the …nite di¤erence method the grey one. 
Comparison of variance
The purpose of the Malliavin weighted scheme is to reduce the variance of the simulations. We compare the variance implied by the Malliavin weighted scheme and the one of the …nite di¤erence in the case of the same two options for the delta, gamma, vega and rho. We found that Malliavin weighted scheme provides a quite e¢cient way of reducing the variance as shown in table 2. The number of simulation draws was 20,000 as indicated by N=20,000. Table 2 gives the ratio of simulation variances between …nite di¤erence and Malliavin-based simulation. When this ratio is bigger than 1, it means that the Malliavin method reduces the variance. Indeed, the numbers found are big numbers. Since the variance decreases roughly linearly in n, a ratio of ten means that we need 10n draws with the …nite di¤erence method to get the same variance as the one obtained by the Malliavin method with only n draws. We found evidence that the Malliavin weighted scheme is more e¢cient for the …rst than the second option. The …rst option payo¤ is indeed more discontinuous. The ratio are big numbers. For the gamma, it means that the same accuracy as 1,000 draws with the Malliavin weighted scheme is obtained with 14,000,000 draws for the …rst option and 7,000,000 for the second option when using the traditional …nite di¤erence method.
Option type
Variance ratio b ¾ 
Conclusion
In this paper, we have seen that using Malliavin calculus and its integration by parts formula, we can extend Malliavin calculus based formulae, for the Greeks, to the case of continuous time Asian options. This enables us to smoothen the function to be estimated by the Monte Carlo or Quasi Monte Carlo procedure. This extension to Asian options is of particular interest since there is no closed formula for Asian option, even in the simple case of a geometric Brownian motion.
There are many possible extensions to this work. A …rst one is to study a local version of Malliavin weighted scheme, which smoothens the discontinuity at the kink and is based on a …nite di¤erence scheme enhanced by the common random numbers method elsewhere. A second one is to extend this methodology to continuous lookback options. However, since the continuous supremium of the underlying is not Malliavin di¤erentiable, the problem is not easy to handle.
Appendix
For the clarity of the proofs below, we take a discount factor equal to 1. Risk free interest rate is deterministic. The discount factor is therefore a multiplicative constant. Consequently, it does not change the results.
Asian options
7.1.1 Simple Asian option delta: necessary and su¢cient conditions (Formula M1.1)
The proof goes along the same line as the one given in Benhamou (2000a) . First of all, using the density of the set of in…nitely di¤erentiable functions with compact support C 1 K into the set of integrable squarable functions L 2 [0; T ] as well as the continuity of the expectation operator and the Cauchy Schwartz inequality, we can prove that if the results holds for payo¤ function element of C 1 K , the result is true for any function of L 2 [0; T ] : Second, using dominated convergence theorem, we can justify the interchange of order between the expectation and the di¤erential operator as well as the interchange of the di¤erential operator and the integral operator. We get therefore that a weighting function w should satisfy
he RHS is also equivalent to the following expressions:
here in the last equation, we have used the fact that D s X t = Y t Y ¡1 s ¾(s; X s )1 fs·tg formula (4). The LHS or the delta is de…ned as the gradient with respect to the initial condition, leading to the following developments:
Y t dtA weighting function should satisfy that the two expressions derived should be equal for all functions f of L 2 :
hich is equivalent to the equality of the conditional expectation of inside terms.¤
Complex Asian option delta: necessary and su¢cient conditions
Using the same arguments as the ones for the simple Asian option case, we can justify the interchange of integral and derivative operator and vice versa. The RHS is also equivalent to the following expressions:
The LHS is equivalent to the following expressions:
A weighting function should satisfy that the two expressions derived should be equal for all functions f of L 2 :
Particular solutions for the Complex Asian delta
To examine a particular solution, let us denote by G s = ¾(s; X s ) w s =Y s . We obtain that a su¢cient condition for the necessary and su¢cient condition is given by the equality of term inside the conditional expectation:
First particular solution If we assume a particular form of the function G with:
where in the last equation, we have used Fubini theorem for the integration. We get as well:
The solution should verify therefore:
The discriminant of this system is
in the particular case ¢ 6 = 0, we get
which is exactly the …nal result (11) with the two constants a and b de…ned by the conditions (19) and (20) 
